We consider the twistor description of conformal higher spin theories and give twistor space actions for the self-dual sector of theories with spin greater than two that produce the correct flat space-time spectrum. We identify a ghost-free subsector, analogous to the embedding of Einstein gravity with cosmological constant in Weyl gravity, which generates the unique spin-s three-point anti-MHV amplitude consistent with Poincaré invariance and helicity constraints.
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Introduction
Maxwell's theory of electromagnetism, describing massless spin-one fields, is conformally invariant in four-dimensions. While this property is not shared by Einstein's theory of gravity, Weyl gravity and its supersymmetric generalisations [1, 2] provide examples of conformally invariant spin-two theories. Conformal higher spin theories (CHS) with s > 2 have been previously studied at the quadratic level by Fradkin and Tseytlin [2] in four dimensions. The spin-s theory can be formulated in terms of a rank-s completely symmetric, traceless field, φ (µ 1 ...µs) (x), with the gauge symmetry δφ µ 1 ...µs (x) = ∂ (µ 1 ǫ µ 2 ...µs) (x) − traces (1) where ǫ µ 1 ...µ s−1 is an arbitrary rank-(s − 1) symmetric, traceless field, and the variation only involves the trace-free combination with the derivative. It was also shown that it is possible to write a gauge invariant quadratic action in terms of a differential operator ... = 0 and P µ 1 ... ∂ µ 1 = 0 . This action results in higher derivative equations of motion which have s(s + 1) on-shell degrees of freedom. These theories were further studied first at the cubic level by Fradkin and Linetsky [3] and subsequently by Segal [4] who proposed a complete, non-linear interacting theory involving a single copy of each spin-s field, s = 1, 2, 3 . . . , and a massless scalar.
Due to the presence of higher derivatives these theories fail to be unitary, and so their relevance as a starting point for a microscopic quantum theory is at best questionable. However they do play an important role in the study of conformal field theories (CFT), particularly in the context of the AdS/CFT correspondence. Here the higher-spin fields act as external sources and, after integrating out the CFT fields, the effective action, W eff , is a functional of the higher-spin fields. For example, in the case of N = 4 super-Yang-Mills (SYM) on a curved background [5] the effective action, after integrating out the SYM fields, consists of a logarithmically divergent piece W div and a finite piece W fin . W div is a functional of the fields forming the N = 4 conformal supergravity multiplet, collectively denoted G, and is exactly the action of N = 4 conformal supergravity
where N is the rank of the SYM gauge group, and Λ is the UV cutoff. In the limit where the N = 4 SYM is taken to be free there are infinitely many conserved traceless bilinear currents which can be coupled to conformal higher-spin fields, collectively denoted φ. Expanding the resulting divergent part of the effective action, W div [φ] , to quadratic order in higher-spin fields one finds, see [6] , a sum over the free CHS actions (2) of each spin. A related case is that of the free O(N) vector model consisting of N massless complex scalar fields, χ i . This model is conjectured [7] to be dual to Vasiliev's higher spin theory [8] on AdS space-time. One can minimally couple the free theory to an infinite set of symmetric, traceless Noether currents, J µ 1 ...µs ∼ χ * i ∂ µ 1 . . . ∂ µs χ i , and the corresponding effective action, which depends on the infinite tower of higher-spin source fields, acts as the generating functional for connected correlation functions of the currents
The UV divergent part of this effective action can be taken as defining a consistent interacting theory of conformal higher-spin fields [6, 4, 9] . It is interesting to try to find alternative formulations of these CHS theories that might illuminate some underlying structures or which are simply more convenient for calculations. Given the deep connections between twistors, the conformal group and conformal geometry 1 , it natural to ask if there is a twistor description of conformal higher spin theories. Starting from the work of Witten [14] on twistor string theory the cases of spin-one, Yang-Mills, and spin-two, Weyl gravity, have been wellstudied. Of particular relevance to our considerations are the twistor space actions for these theories, which will provide a model for the higher-spin case. Self-dual N = 4 super-Yang-Mills theory [15, 16] was reformulated by Witten [14] as a holomorphic Chern-Simons theory on the super-twistor space CP 3|4 . Focusing on the non-supersymmetric gauge fields, this involves (0, 1)-forms A and G on CP 3 , taking values in the Lie algebra of GL(N, C) and which are respectively homogeneous of degree zero and −4 in the bosonic CP 3 coordinates. The action is
where Ω is a holomorphic (3, 0)-form of degree four, and ∂ is the Dolbeault operator on CP 3 . The extension of the twistor space action to the full theory was studied by Mason in [17] and found by Boels, Mason and Skinner in [18] . Based on considerations from twistor string theory, twistor actions for the self-dual sector of conformal gravity were proposed by Berkovits and Witten in [19] , and the extension to the full theory was also proposed by Mason in [17] and further studied by Adamo and Mason [20, 21] . A related twistor action for Einstein gravity was studied in [22] .
These actions are motivated in large part by the non-linear graviton construction of Penrose [23] , which provides a means to identify curved twistor spaces, PT , with self-dual space-times, that is those for which the anti-self-dual Weyl spinor vanishes Ψ ABCD = 0 . Curved twistor spaces can be thought of as locally the same as flat twistor space PT = CP 3 but with the complex structure deformed. A useful way to describe the deformed complex structure [24] is to modify the Dolbeault operator ∂. Given homogeneous coordinates Z α , α = 0, 1, 2, 3, on some patch, we can define a background, undeformed complex structure by the operators
which naturally defines the splitting of the complex tangent space into (1, 0) and (0, 1) parts. We can deform the complex structure by adding elements of T (1, 0) to T (0, 1) , that is we define a new, deformed Dolbeault operator
where f is a (1, 0)-
The integrability condition for this new complex structure is the Kodaira-Spencer equation:
It is often convenient to think of our fields as living on the non-projective twistor space, T , in which case we must restrict to deformations which preserve the Euler vector E = Z α ∂ α , in the sense that £ f E = −£ E f = 0 , or equivalently, f α is of homogeneity degree one in Z α and we must make the identification of the vector field f under shifts proportional to the Euler vector field
where Λ is a (0, 1)-form of homogeneity degree zero in Z α . We can fix this gauge invariance by demanding that the deformation preserves the volume form dΩ on T , which imposes ∂ α f α = 0 . It is possible to write an action for which the corresponding equations of motion imply the integrability of the complex structure [19] . This can be done in a coordinate independent fashion [17] or by introducing a particular background and using explicit coordinates [21] . The action functional on twistor space is given in terms of a Lagrange multiplier field g ∈ Ω 3,0 (PT , Ω 1,1 (PT )) , imposing the constraint corresponding to integrability of the deformed complex structure.
Introducing an appropriate basis (or working in abstract index notation) such that the components fields are f α and g
where Ω is the holomorphic volume form, we can write the action as
The equations of motion following from the action are the integrability conditions for the deformed Dolbeault operator and
As the field g must be defined on PT , we additionally have the constraint ι(E)g = 0 , and with this constraint the action has the gauge invariance (9) . In general the field g describes an anti-self-dual excitation moving in a self-dual background. Treating the fields as small deformations of the undeformed twistor space, we can focus on the linearised theory. We now have f α ∈ Ω 0,1 (PT, O(1)) , and g α ∈ Ω 0,1 (PT, O(−5)) i.e. a (0, 1)-form of homogeneity −5 . The equations of motion reduce to ∂f α = 0 and ∂g α = 0 .
Additionally, the gauge invariance of the action demonstrated in [17] becomes g α → g α + ∂χ where χ is a section of O(−4). Consequently, on-shell, we can interpret g α as defining an element in the ∂-cohomology group H 0,1 (PT, O(−5)), and so by the Penrose transform g α corresponds to a helicity −2 particle. To include the selfinteractions of the anti-self-dual fields and to consider amplitudes with more than a single helicity −2 particle one must include additional terms in the action [17] .
It is this construction that we wish to generalise to higher spins by considering deformations corresponding to higher-rank symmetric tensors. Starting with the spin-three case we propose Maurer-Cartan-like equations of motion for the deformations, and by introducing an appropriate Lagrange multiplier field we define a twistor space action describing the self-dual sector. The twistor fields can be defined for a general curved twistor space and so define higher-spin fields in an arbitrary self-dual geometry. However to understand the space-time interpretation we focus on the flat twistor space case, in particular showing that the twistor fields give rise, via the Penrose transform, to space-time fields satisfying the zero-rest-mass equations for a spin-three field. To make the identification between twistor fields and space-time fields clearer we construct the space-time action for the self-dual sector of the higher spin theory at the quadratic level. Finally we demonstrate that, after accounting for the gauge freedom, the on-shell spectrum matches with that of [2] .
As in the spin-two case, the on-shell representation of the Poincaré algebra is not diagonalisable which is a manifestation of the failure of the theory to be unitary. Maldacena [25] has argued that conformal gravity with appropriate boundary conditions is classically equivalent to Einstein gravity with a non-zero cosmological constant, Λ = 0. This implies [20] that Einstein gravity amplitudes can be calculated in conformal gravity by restricting to the asymptotic states of Einstein gravity and accounting for the appropriate powers of the cosmological constant. Adamo and Mason [26, 21] studied supergravity scattering amplitudes by performing such a truncation of conformal gravity in the twistor space description and were able to show that the resulting determinant formulae was directly related to Hodges' formula [27] . We perform an analogous truncation on the higher-spin action to identify a "unitary" sub-sector of CHS theory. At the quadratic level this sector has the usual Fronsdal [28, 29, 30 ] spectrum of massless higher spins and we show that the MHV three-point amplitude agrees with the constraints from Poincaré invariance [31] .
In order to interpret the higher-spin deformation in a geometric sense we must include an infinite number of interacting higher-spin fields. This is because once we go beyond the spin-two case the Maurer-Cartan equations for a single spin can no longer be interpreted as the integrability condition for a holomorphic structure on a vector bundle. This can be rectified by including an infinite tower of interacting spins and by interpreting the deformations as acting on the corresponding infinite jet bundle of the space of symmetric products of the (co)tangent bundle. We discuss this formulation in section 4. Finally in section 4.2 we describe additional terms to be added to describe the interactions of the anti-self-dual fields extending the action to the full higher spin theory.
Spin-Three Fields
Spin-Three Fields in Twistor Theory
We start our study of the higher spin theory with the case of spin-three fields. We again pick some background twistor space T and its projective version PT . We will often take T to be flat twistor space T, however, if we wish to consider higher-spin fields on a general self-dual background, it will be the corresponding curved twistor space. We give a brief review of some salient aspects of curved twistor spaces and a description of our notations in appendix A. We will take Z α to be homogeneous coordinates on the background twistor space. The complex deformations corresponding to the spin-two case discussed in the introduction are (0, 1)-forms taking values in the (1, 0) part of the tangent space, that is they are elements of Ω 0,1 (PT , T 1,0 (PT )). We now consider deformations corresponding to (0, 1)-forms taking values in symmetric products of the tangent space, that is they are elements of Ω 0,1 (PT , Sym 2 (T 1,0 (PT ))),
This twistor field will be interpreted in space-time as a massless spin-three field and we will refer it as such. As it is in fact defined on projective space, rather than the full twistor space, we must make the identification analogous to (9) for the field f
where Λ ∈ Ω 0,1 (PT , T 1,0 (PT )) is now vector-valued, and E is again the background Euler vector field. More particularly, we consider an operator
acting on forms k ∈ Ω 0,1 (PT ) as
Such an operator can be naturally viewed as a deformation of the Dolbeault operator, however, due to the presence of higher derivatives, it is not a derivation. We will impose the condition that the deformation f satisfies the equation
This condition does not imply ∂ 2 f = 0 ; however, as we will see later, this failure can be compensated by including an infinite tower of higher-spin fields. The necessity of such an infinite tower is unsurprising given known results in space-time formulations. However, we will postpone a discussion of this, and here only consider the selfinteractions of the spin-three fields.
As for the spin-two case, to define an action functional we introduce a corresponding Lagrange multiplier field g which takes values in the dual space, i.e.
As before, Ω is a section of Ω 3,0 (PT) ⊗ O(4) , and we thus have
where g αβ = g (αβ) ∈ Ω 0,1 (PT , O(−6)) . To ensure the appropriate gauge invariance we impose the constraint g αβ Z α = 0 . The twistor space action for the self-dual sector is proposed to be the obvious analogue of the spin-two case
from which follows that N (2),αβ = 0 as required, and also
where g Ω γδ = g γδ ∧ Ω . In local holomorphic coordinates, Z α , we will often write
Z is the usual weight four holomorphic volume form. We will next be interested in understanding the spectrum of this action corresponding to its quadratic approximation about a given background. We thus focus on the linearised equations of motion, which are straightforwardly given by ∂f αβ = 0 and ∂g αβ = 0 .
Also at the linearised level, the action has the additional gauge invariance g αβ → g αβ + ∂χ αβ . Consequently, we can think of g αβ as defining an element in the Dol-
Space-Time Interpretation
In the twistor description of conformal gravity we start with two tensor-valued forms, f α (Z) and g α (Z), defined on PT of homogeneity degree 1 and −5 respectively. These fields correspond, via the Penrose transform, to the space-time anti-self-dual Weyl spinor Ψ ABCD , which vanishes for self-dual backgrounds, and the Lagrange multiplier field Γ ABCD , which satisfies a second order equation of motion [17] . In the higher-rank spin-three generalisation above, we have the fields f α 1 α 2 (Z), of homogeneity degree 2, and g α 1 α 2 (Z), of homogeneity degree −6. The zero-rest-mass equations on space-time can be found by using the Penrose transform for such tensors as described in [32] , or see [12] for a recent review.
In order to consider the Penrose transform of such tensors it is necessary to choose a specific frame. We will focus on the case of flat space-time M, and so consider the twistor fields as deformations of flat twistor space, however it is straightforward to generalise to deformations of an arbitrary curved twistor space and so find the spin-three fields. We consider the bundle
whose local holomorphic sections are represented by vector fields T on T(M), satisfying
where E is the Euler vector field. This can be considered as the pull-back of the local twistor bundle T α → M with fibre coordinates (λ A , µ A ′ ). Choosing a basis on T α′ , which we denote δ α α , α = 0, 1, 2, 3, such that
is a global holomorphic frame, the components of the tensors corresponding to the spin-two and spin-three fields with respect to the frame (or its dual) are
For each component we can perform the Penrose transform. Considering the spinthree case we have a (0, 1)-form-valued tensor g α 1 α 2 whose components have homogeneity −6. This corresponds to the case in [32] of a tensor with homogeneity m−2 , with m < 0, and so in the Penrose transform when performing the integration over the projective complex line X ≃ CP 1 , corresponding to the space-time point x,
we include four factors of λ A , the homogeneous coordinates on X, to compensate for the weight of g α 1 α 2 and holomorphic measure on X Dλ = λ dλ . The resulting space-time field G (α 1 α 2 )(B 1 ...B 4 ) satisfies the zero-rest-mass equation
Due to the specific choice of frame we can think of the twistor space tensor indices as local twistor indices. In particular the covariant derivative acts on the tensors with twistor indices by the local twistor connection, which for flat space gives
We can use these to determine all the components of
Furthermore we must impose the twistor space constraint on the Lagrange multiplier field Z α 1 g α 1 α 2 = 0 , which corresponds to acting with a helicity lowering operator and imposes the space-time condition
namely that the field
is symmetric in all its indices. Using this and (29) we find that the anti-self-dual field satisfies the third-order equations
which is to say that G A 1 A 2 A 3 A 4 A 5 A 6 satisfies the zero-rest-mass equation for a spinthree field.
As the tensor field f α 1 α 2 has homogeneity m − 2 = 2, m > 0, in a general background it transforms into a potential. This is exactly analogous to the conformal gravity spin-two case where the field f α of homogeneity one describes the chiral Weyl spinor Ψ ABCD , see [33] . In the linearised spin-two theory the relationship with the metric fluctuation, h ABC ′ D ′ , is given by
This arises by taking the Penrose transform of f α which gives the potential Σ α B 1 B 2 C ′ , which can be decomposed as
where the symmetry in the unprimed indices follows from using the gauge symmetry of
The condition that the solution be self-dual, that is Ψ ABCD = 0, follows from the condition on the potential
and by using the local twistor connection as above. In the spin-three case we will have a higher-rank potential
which will give rise to fields analogous to the metric fluctuations
, with higher numbers of derivatives
It is interesting to relate this description of a self-dual sector of the conformal spinthree theory, even at just the quadratic level, with the usual formulation of conformal higher spin theory, both to make the relation clearer and to let us use this connection to motivate an action for the full theory.
A linearised space-time action: As we have seen, the higher spin twistor theory gives a space-time analogue of the anti-self-dual Weyl spinor
Motivated by this we consider the combination of self-dual and anti-self-dual spinor fields
and we define the field strength
This tensor is anti-symmetric in each pair (a i , b i ) for i = 1, 2, 3 and symmetric between pairs (
Moreover, if we contract over a pair of a or b indices we find zero, for example
This is essentially the spin-three example of the higher-spin curvatures introduced by Weinberg [34] , which are equivalent to those introduced by de Wit and Freedman [30] ; for the relation between these formulations and further relevant discussion see [35] . We can reformulate this in a notation closer to that used by Fradkin and Tseytlin in their discussion of quadratic higher spin theory [2] by introducing a potential for this field strength, φ b 1 b 2 b 3 , which is symmetric and pairwise traceless in its indices. The field strength
is found by anti-symmetrising on pairs of indices a i , b i . We can naturally form a Lagrangian density quadratic in the field strength
Rewriting this in terms of the potential and neglecting total derivative terms we have
where P
projects onto symmetric, pairwise traceless tensors. Thus we can write the Lagrangian
which is symmetric, pairwise traceless and transverse, that is satisfying
The generalisation of this construction to higher-spin fields is immediate, and the resulting Lagrangian has the form of the conformal higher spin theory described in [2] . In terms of the spinor fields the quadratic action for spin-three fields is
where we have introduced a dimensionless parameter, λ.
A self-dual sector: The action for conformal gravity can be expressed in terms of Ψ ABCD and its dualΨ
By adding a topological term this action can be written as [19] S spin−2 = 1 4λ
The λ → 0 limit describes the self-dual sector of the theory, while the second term describes the self-interactions of the anti-self-dual modes. It is this form of action which is most closely connected with the twistor space description. To make contact with the twistor description of the higher spin theory, we wish to define an analogous self-dual sector. Given the symmetries of the field strength C a 1 b 1 a 2 b 2 a 3 b 3 , we can naturally define a dual field strength
In terms of spinor quantities the Levi-Civita tensor is
such that, by construction, the anti-self-dual part is
and the self-dual part is
It is straightforward to show that the term
is a total derivative and so does not affect any perturbative calculations. Following the construction of the Chalmers-Siegel action for Yang-Mills [16, 36] and its analogue for conformal gravity [19] , though of course here we are working only at the linearised level, we can add this term to the action so that, up to boundary terms, we find
where in the last line we have introduced the anti-self-dual Lagrange multiplier field G A 1 ...B 3 , which is symmetric in all indices. This action gives the equations of motion
If we set the parameter λ to zero we find the self-dual theory described by the twistor fields above, with the g α 1 α 2 corresponding to the space-time Lagrange multiplier field by the Penrose transform. This action will also suggest, much as in the case of conformal gravity, how to extend the twistor action to the full theory beyond the self-dual sector.
Minkowski Space-Time Spectrum
Given the matching of the equations of motion, it should be unsurprising that the counting of the on-shell degrees of freedom in both the twistor and space-time descriptions of CHS theory also agrees. Nonetheless it provides a useful check and provides further insight into the twistor description, particularly the appearance of the ghost degrees of freedom, which result in the theory failing to be unitary. To this end we wish to understand the flat-space spectrum, corresponding to the twistor fields f αβ (Z) of homogeneity n = 2 and g αβ (Z) of homogeneity n = −6, while taking into account the gauge invariance and constraint, respectively
In the standard application of the Penrose transform, a function of the homogeneous coordinates Z α with homogeneity degree n corresponds to a massless state of helicity s = 1 + n/2 . In the case at hand we must further take into account the indices α, β etc. One way to do this is, following [19] , to form invariant functions using the flat space twistor coordinates λ A and µ A ′ , which then correspond to definite helicity states. For example there are three homogeneity four functions or s = 3 states
Additionally, we may form invariants using derivatives,
, so there are four homogeneity two functions or s = 2 states,
and finally there are three s = 1 states
2
As we are considering flat space we can raise and lower spinor indices using ǫ AB and ǫ A ′ B ′ as required.
Hence there are ten on-shell degrees of freedom, however some of these are simply gauge and can be removed by a transformation using Λ α . In particular we can form the invariants
and so remove four degrees of freedom. Specifically, we can use this freedom to set ∂ α f αβ = 0 and so remove two states with s = 2 and two corresponding to s = 1. Hence we find a total of six on-shell states from the tensor field f αβ . We can repeat this argument for g αβ , for which we have ten invariants
, which correspond to three states of s = −3, four of s = −2 and three of s = −1. Four degrees of freedom are removed by the constraint Z α g αβ = 0, of which two are s = −2 and two are s = −1. Hence in total we find twelve on-shell degrees of freedom.
We could alternatively have made use of the duality between f αβ and g αβ , c.f. [19] , following from the Fourier-like transform to the dual twistor space described by coordinates W α :g
The homogeneity in W of n = −6 forg αβ follows immediately from the homogeneity in Z of n = 2 for f αβ and the weight, 4, of the measure. Similarly, the gauge invariance of f αβ impliesg αβ →g αβ + ∂ (α Λ β) which can be fixed by imposing the constraint (53). Thus we expect to find the same number of space-time states described byg αβ as by f αβ , namely six.
A unitary subsector:
As is well known, conformal higher spin theories are not unitary. One symptom of this is the fact that the representation of certain Poincaré generators on on-shell states is not diagonalisable. For example, the generator of space-time translations on twistor space is given by the vector field
Its action on twistor space contravariant tensors f α 1 ...αn can be calculated straightforwardly from the Lie derivative
which can be seen to be non-diagonalisable. For example, in the case of conformal gravity it was shown, [19] , that the generator P AA ′ acting on the pair
represented by the non-diagonalisable matrix ..An . This can be phrased in an alternative manner by making use of the infinity twistor I αβ . In a homogeneous space-time with cosmological constant Λ we can write the infinity twistor and its dual as
where
A restriction to wave-functions of the form
exactly corresponds to the restriction to twistor components f A ′ and g A on flat space and gives the correct extension to the case of non-vanishing cosmological constant. This is the twistor description of the restriction of conformal gravity to Einstein gravity [20, 21] . By analogy, for the case of n = 2, we may consider the truncation of the spin-three theory to fields of the form
At the linearised level these fields are such that on-shell h ∈ H 0,1 (PT , O(4)) and h ∈ H 0,1 (PT , O(−8)), and so they describe space-times fields of helicity ±3. Thus we have at the quadratic level a massless, ghost free, spin-three theory. The obvious question is whether the twistor theory describes consistent interactions, and in order to understand the self-interactions we will consider the on-shell amplitudes, at least for three particles. However for the spin-three case this is essentially trivial. We could compute the three-point function for arbitrary asymptotic states and then restrict to the unitary sector, but it is in this case sufficient to make the truncation directly in the action. In particular, if we focus on the cubic terms and substitute the expressions (64) we find that the action reduces to
Thus, the three-point amplitudes involving identical spin-three fields is vanishing, as is expected on general grounds, see e.g. [31] . In order to find non-trivial three-point functions we must consider the even spin case, and rather than proceeding to the spin-four case we now consider the arbitrary higher-spin case.
Generalisation to Higher Spins
One may generalise the previous discussion to consider deformations corresponding to (0, 1)-forms taking values in sections of higher-rank symmetric products of the tangent bundle. Namely, we consider the operator
The tensor fields f α 1 ...αn are elements of Ω 0,1 (PT , O(n)), and in order to be welldefined on PT they have to have the gauge freedom
where the gauge parameter is itself a rank n − 1 tensor,
) . For convenience we will henceforth mostly use a multi-index notation defined as follows: let I be an ordered set {1, . . . , n}, we then write
and
We will denote the degree of the index by |I| = n.
The equations of motion for the f α I field in the self-dual sector will be
As in the spin-three case, we introduce the totally symmetric Lagrange multiplier fields g
, and as before Ω is the weight four holomorphic volume (3, 0)-form. The constraints ensuring gauge invariance are now Z α 1 g (α 1 ...αn) = 0. We will also denote such fields using the multiindex notation g (α 1 ...αn) = g α I . The twistor action for the self-dual sector can be written as
Linearised Spin-s Fields
At the linearised level the equations of motion are simply ∂f α I = 0 and ∂g α I = 0 . Using the Penrose transform, one could find the space-time fields corresponding to the twistors fields f α I and g α I , and so show that they satisfy the massless spin-s wave equation in exactly the same fashion as in the spin-two and spin-three cases. Instead, as it also allows us to discuss the truncation to the unitary sector, we will briefly consider the on-shell spectrum of the theory before considering the on-shell three-point interactions corresponding to the self-interactions of these spin-s fields. (n + 1)(n + 2)(n + 3)
invariants, and so after removing the gauge degrees of freedom, for which we repeat the counting above but with n replaced by n − 1, we have 1 2
(n + 2)(n + 1) on-shell degrees of freedom. As the highest homogeneity is 2n, the highest helicity state is s = 1 + (2n)/2 = n + 1, and so we have 1 2 s(s + 1) degrees of freedom. Using the duality argument discussed above in the spin-three case, we find exactly the same number of on-shell states from g α 1 ...αn (Z) but with the opposite helicities, and so the total number of on-shell degrees of freedom is
For s = 1 we find the usual number two on-shell vector states while for s = 2 we find the six on-shell degrees of freedom of Weyl gravity [37] . More generally, the formula matches with the number of on-shell states in the conformal higher spin theory described by Fradkin and Tseytlin [2] .
A unitary subsector:
We can similarly extend the analysis of the diagonalisable sector of on-shell states by simply adding more indices to the spin-three case, and again the on-shell representation of the Poincaré generators will fail to be diagonalisable in the full space of conformal spin-s fields. For the case with a non-vanishing cosmological constant and using the infinity twistor, (62), we can define the fields h s andh s corresponding to a subsector for which the generators are diagonalisable by the relations
or using the multi-index notation, where
as well as
. In this case, in the linearised approximation about flat twistor space we have that h s ∈ H 0,1 (PT, O(2s −2)) andh s ∈ H 0,1 (PT, O(−2s − 2)) so that h s (Z) corresponds to a state of spin s = (n + 1) andh s (Z) to a state of s = −(n + 1) . Taking the limit Λ → 0 produces the higher-spin analogue of the truncation of conformal gravity to Einstein gravity at the linearised level around Minkowski space-time. That is for every spin-s we have two on-shell degrees of freedom, h s andh s , which correspond to space-time helicities of ±s. This is the spectrum of massless higher spins found by Fronsdal [28] for the spectrum of the massless limit of the Hagen-Singh theory [38] .
Spin-s Three-Point MHV Amplitudes
For generic spin-s, unlike in the spin-three case, the cubic interactions involving fields corresponding to the same spin do not necessarily vanish. Explicitly focusing on the unitary subsector by substituting the expression (75), and dropping the subscript on h andh, the three-point interaction reads
Clearly, {h, k} s = (−1) s {k, h} s and thus {h, h} s = 0 for any odd integer s, which implies that the MHV three-point amplitude is vanishing for any odd spin.
The non-vanishing even-spin three-point MHV amplitudes can be easily extracted from (76) with an appropriate choice of wavefunctions. We choose plane wave momentum eigenfunctions following [39] , see also [12] , where we allow the space-time momenta to be complex. These can be written using the definition of the delta-function on the complex plane as a (0, 1)-form
In particular, this satisfies for a holomorphic function f (z)
By considering spinors λ A = (1, z) and λ ′ A = (b, a) we can rewrite this as:
This object has homogeneity −1 in both λ and λ ′ , while to define wavefunctions for higher-spin particles it is necessary to consider different scalings. To this end we introduce an arbitrary reference spinor ξ and define
which has homogeneity m − 1 in λ and −m − 1 in λ ′ . Alternatively by introducing a complex parameter u and another (0, 1)-form, δ(u − ξλ ′ ξλ ), we can, after a change of integration variables, write (81) as
We use these weighted delta-functions to define our plane wave momentum eigenfunctions describing particles with on-shell momenta given by the spinors (p i ,p i ) (in the following the subscripts do not denote the spin, but label the particles)
The (0,1)-forms h andh have homogeneity 2s − 2 and −2s − 2 respectively under Z = (λ, µ) → tZ, while under the rescaling of space-time momentum helicity spinors,
i , they scale as t 2s and t −2s as is expected. We can now compute the three-point MHV amplitude.
As previously mentioned the odd spin s amplitude obviously vanishes. The three-point MHV amplitude for even spin s is given by
We can now use the fact that
where the bracket [23] involves space-time momenta and is defined in general as
iA ′p jB ′ , and similarly
where the integral I is given by
The integration over the background projective twistor space gives a delta-function on whose support u 2 = [31] / [23] and u 3 = [12] / [23] . The remaining integrals are trivial, and a factor [23] comes from the Jacobian of the transformation to the usual expression of the four-dimensional momentum delta-function. Hence we find
where P = 3 i=1 p i is the total momentum. Finally, using the fact that
, we obtain
These amplitudes vanish in the flat space limit Λ → 0, however we can define a rescaled amplitude Λ −(s−1) M 3 to obtain a non-vanishing result at least for even spins. This expression coincides with the result obtained from general space-time symmetry arguments for massless higher-spin three-point amplitudes [31] .
Toward Consistent Higher Spin Interactions
There are well-established reasons for believing that there is no consistent interacting theory for a single s > 2 field, and in the twistor theory we can see such difficulties emerge when we attempt to give a geometric interpretation to our equations of motion. As we have mentioned, beyond the spin-two case our equation of motion does not imply that the operator ∂ f is integrable. This failure can be see quite easily in the spin-three case where
with the last term remaining even after imposing the spin-three equations of motion previously used. However, the structure of this term involving three derivatives appears in the spin-4 equation, and so one can include this additional term as a source term for spin-4 fields. Of course the spin-4 fields will generate additional terms which will not be cancelled but which in turn source spin-5 fields and so on. It is not difficult to also include spin-one fields in our description, though they have to be treated somewhat differently as they do not take values in some product of the tangent bundle but in the Lie algebra g corresponding to a given Lie (gauge) group G, i.e.
) . To avoid unnecessary clutter like taking traces when necessary, we will just consider the abelian case G = U (1) , however a generalisation is straightforward. Thus, whenever we write g we just consider u(1) for simplicity. We can now define the operator
We can expand the condition ∂ 
where we see the coupling of the spin-two field to all higher-spin fields. In this equation it is of course consistent to set all the f α I for |I| > 1 as well as |I| = 0 equal to zero and so recover the spin-two equation of motion for pure conformal gravity. For the spin-three equation of motion we now have
Because f (α 1 ∧ f α 2 ) = 0 , the spin-three fields are not sourced by purely spin-two fields, and so truncating to just spin-two is consistent as is expected. For generic spin, and using the multi-index notation, we have the equation
where the multi-index I − J corresponds to the complement of J in I, and the coefficients C |K||J| = |K|+|J| |J|
. Here we can see the source terms due to lower-spin fields in higher-spin equations of motion, and for example as the spin-4 equation involves non-vanishing source terms from the spin-three field, we cannot truncate to just the spin-three sector. Hence we see the need for an infinite number of fields, one of each spin, interacting non-trivially with one another.
As before, we can introduce Lagrange multiplier fields to impose these conditions to write an action for the self-dual sector
The equation of motion for the fields g (n) following from this action can be directly derived. At the linearised level the analysis is as in the previous sections as the individual spins decouple, moreover one can focus on the individual spins to calculate the self-interaction three-point functions, and the results from previous sections will still hold. Nonetheless, this action is significantly more involved, and without a proper geometric understanding of the deformation much of the structure remains unclear.
One natural approach is to attempt to interpret the deformation as defining a new complex structure. For example we can consider the space spanned by the deformed vectors e α = ∂ α + 
The presence of the second line would seem to require at the very least a significant generalisation of the usual notions. In particular the appearance of infinite numbers of derivatives suggests a non-local formulation. This can also be seen if we consider a C ∞ -function on projective twistor space φ(Z) and attempt to define the notion of holomorphicity with respect to a deformed complex structure by writing
This condition we can be written in a more suggestive notation as
Such bi-local expressions are common in higher spin theories and have been interpreted in terms of infinite jet bundles [40] 4 .
3
Here δ 3 (Z, Z ′ ) is the projective delta-function defined on the background projective twistor space such that
A Geometric Interpretation of Higher Spins
The language of jet bundles, which we briefly review below, will allow us to give a more geometric interpretation of the higher-spin equations of motion as the integrability condition for a holomorphic structure. Given a complex manifold, here we are obviously considering PT , we can define the corresponding Dolbeault operator ∂ mapping (p, q)-forms to (p, q + 1)-forms. This can be naturally generalised to (p, q) forms taking values in sections of some complex vector bundle B → PT , that is elements of Ω p,q (PT ; B). We will be mostly considering bundles whose sections are symmetric covariant tensors of Sym n (T PT ) or contravariant tensors of Sym n (T * PT ) or g-valued for n = 0 . We wish to define a holomorphic structure on B, this is a sequence of operators
such that
where ω ∈ Ω m,n (PT ) and g ∈ Ω p,q (PT , B) for any (m, n) and (p, q). The holomorphic structure ∂ B on B induces a holomorphic structure, also denoted ∂ B , on End(B),
Let ∂ B ′ be another holomorphic structure on B, then there exists a section f ∈ Ω (0,1) (PT , End(B)) such that
where g ∈ Ω p,q (PT , B) and f satisfies the Mauer-Cartan equation
Conversely if f is a section satisfying (104) then defining ∂ B ′ by (103) gives another holomorphic structure on B → PT . Making contact with our previous considerations we see that the deformation in (90), f , is to take values in
For |I| > 1, this is not a derivation and therefore does not give rise to a holomorphic structure in the usual sense. In order to interpret the higher powers of derivatives as linear operators on some vector space we must think of the deformed operators as acting on an infinite dimensional vector formed from the field φ and all of its derivatives
Such an object is an infinite jet called the infinite prolongation j ∞ φ of φ and and we can now interpret f as taking values in the endomorphisms of the jet bundle. The higher powers of derivatives act as generators of the space of endomorphisms.
Jet bundles:
To be slightly more precise, see [42] for a textbook treatment, we wish to consider fields which are sections of some bundle B i.e. the fields will be sections of Sym (n) (T 1,0 PT ) or Sym (n) (T * 1,0 PT ) or g. To describe this we choose an appropriate adapted local coordinate system, ψ, on the total space of the bundle B where for a given subspace W ⊂ B the coordinates can be split into those parametrising the base space and those distinguishing points on the fibre: ψ = (Z α , ψ β J ). Given two such sections, say g andg, we say they have the same k-jet at Z ∈ PT if in any particular coordinate system their first k derivatives coincide, i.e.
This definition is in fact independent of the particular coordinate system. The k-th jet of g at Z, denoted j k Z g, is the equivalence class of all sections with the same k-jet. The k-th jet manifold, which we denote J k (B), is the totality of all such jets,
The jet-manifold combined with the so-called source projection
can be viewed as a bundle over the base space PT . The coordinate system ψ on B induces a coordinate system
are called derivative coordinates where for j
Correspondingly, given a open subset U ∈ PT and local section g ∈ Γ U (B) we define the k-th prolongation of g as the section
It is worthwhile to note that, while these prolongations will be the focus of our interest, they are very non-generic sections of the jet bundle since their adaptive coordinates are strongly related to each other, which generically does not need to be the case. The infinite jet bundle corresponds to the limiting case k → ∞. For Z ∈ PT the ∞-th jet of g, which we denote j ∞ Z g, is the equivalence class of sections whose derivatives coincide with those of g at all orders and the space J ∞ (B) is an infinite dimensional manifold which can be shown to have the structure of a bundle over PT .
We can now view f as defining a bundle endomorphism on J ∞ (B). In the example where we are only considering C ∞ functions, as in (97), we can still construct the corresponding infinite jet bundle, denoted simply J ∞ (PT ), and we can replace the action of the deformation f on a function g at a point Z by its action on the corresponding prolongation j
, and where in the wedge product it is understood that we use the product rule for jets j
In an adapted coordinate system this product can be given explicitly by using the formula for the generalised higher order Leibniz rule. We note that the action of the generators T ;α I , despite appearances, is linear and
for ω(Z) being an arbitrary function as the derivatives acting on g only appear due to the particular structure of the prolongation. If we consider j
, we can now define a corresponding holomorphic structure
Moreover we see that
for an arbitrary (p, q)-form g. Hence we see that imposing the conditions (93) at all points on PT is equivalent to the integrability condition for the holomorphic structure on the infinite jet bundle.
Anti-self-dual fields:
In addition to the integrability conditions we have equations of motion for the (0, 1)-form Lagrange multiplier fields g
= g α I ∧ Ω. The variation of (94) with respect to the f α I fields gives the equations of motion
It is worthwhile to note that it is not possible to truncate the theory to just the spin-two case as the lower-spin fields can source the higher-spin ones via the last term.
We can also interpret the equations (115) in the language of infinite jet bundles, J ∞ (B). As the equations mix fields with different spin we will take
We define two linear operators which generalise those in (111)
We have compressed the notation by denoting the prolongation j ∞ g γ K by the section g γ K . We can now write the equation of motion as
where we have introduced the (0, 1)-forms
Unitary subsector equations of motion: These equations simplify when we focus on the case where the background is conformally flat and the fields are restricted to the diagonalisable sector (75). For this, F truncates to
If we further only allow self-interactions of spin s fields, this selects |J| = 0 and K = I in the first term, and J = I and K = I in the second term. Hence, we obtain
The equations of motion for purely unitary spin-s fields then read
which equivalently can be written as
Anti-Self-Dual Interaction Terms
To go beyond the self-dual sector to the full theory we must include interactions of the anti-self-dual fields. There are a number of possible interactions, however we will restrict ourselves to the simplest case by formulating the twistor analogue of interaction term in (51). In this we will closely follow the discussion in [17] . Given a curved twistor space, T , with fibre coordinates σ A over a manifold M with space-time coordinates x AA ′ , we can choose an adapted vector bundle coordinate system for the cotangent bundle. This defines a set of dual sections in Ω
(1,0) (T ) which we label e α = (e A , e A ′ ). The one-forms e A are of homogeneity degree one, and when restricted to constant x AA ′ , that is to the fibres of T → M, they are given by e A = dσ A . The one-form e 0 = σ A e A is well defined on PT with values in O(2). The (1, 0)-forms e A ′ , also of homogeneity one in σ A , can be defined at each point to be orthogonal to the fibres of T → M. We can additionally choose the holomorphic volume form to be
In flat twistor space these forms can be given explicitly as
This coordinate system, and the dual sections, naturally define a basis for our homogeneous tensors, and we can expand our twistor space tensors in this basis g = g α I e α I . For example in the spin-three case
where the g A 1 A 2 etc. are (0, 1)-forms of homogeneity −6 . By integrating over the fibres of twistor space we can now define space-time 2-forms G
Motivated by the form of the anti-self-dual interactions in the linearized space-time action,
as well as the interactions for conformal gravity and Yang-Mills, we consider the twistor space expression
Here the space PT × M PT is the space whose fibres over the manifold M are Cartesian products of the fibres of the individual twistor spaces PT → M, namely
with homogeneous fibre coordinates (σ 1A , σ 2B ). The fields g 1 and g 2 are (0, 1)-forms depending on the respective fibre coordinates, while Ω 1 and Ω 2 are the respective holomorphic volume forms. This action is constructed using the Penrose transform with respect to the background complex structure, and so at the linearised level it is obviously invariant under shift of g by ∂χ terms as they result in total derivative terms with respect to the fibre integration. However if we wish to include the effects of the deformation f , the equation satisfied by g, ∂ f g = 0, is modified.
We account for this deformation by inserting the appropriate Green's function ∂ −1 F to propagate the fields in deformed twistor space along the fibres
To define this action we must specify ∂ ∂ −1 f Ξ for which we use the assumption that the deformation is small and hence
We thus need to know how ∂ −1 Ξ acts on holomorphic one-forms of homogeneity n,
. This has been previously discussed in context of twistor actions, e.g. [22] , where it was shown that it can be expressed in terms of the Cauchy kernel. Only for the case of n = −1 this operation is uniquely defined. As
is exact, and so k = ∂ω for some
is also empty for n ≤ −1 , there is no freedom in the definition of ω. Concretely, suppose Ξ ≃ CP 1 is parametrised by coordinates σ A , we can define ∂ −1 k by
When we consider forms with n ≥ 0 we need to include additional factors to give the correct weight under coordinate rescalings, which can be done by using a reference spinor:
. The arbitrariness in the choice of ξ corresponding to the nontriviality of H 0 (CP 1 , O(n)) for n > −1 gives rise to a gauge freedom which should drop out of any physical observable. For n < −1 we find additional singularities which need to be specified. From the expression (119) for the (0, 1)-form F , we see that we have the following weights
The interaction of the anti-self-dual fields with the self-dual deformation is then encoded by the series
which when substituted into the action (130) generates interaction vertices involving all orders in the fields. These interactions have an intricate structure which involves interactions between fields of different spins. As mentioned, in principle one can find all tree-level amplitudes by starting with free plane-wave fields and iteratively solving the equations of motion. The exponentiated action evaluated on this classical solution is a generating functional for the amplitudes. To find the analogue of the gluon and graviton MHV amplitudes we can take the above interactions and expand the fields around their background values.
Outlook
One immediate generalisation of the current work is to include supersymmetry. Selfdual actions on super-twistor space have been previously considered for N = 4 SYM [14] , for N = 4 CSG [19] and for N = 8 Einstein gravity [43] while the twistor action for the full N = 4 CSG was given in [21] . From a geometrical perspective N = 4 supersymmetry is the most natural as it results in a Calabi-Yau super-twistor space, however it is by no means clear this theory is unique. At least in the spin two case, depending on the presence of certain additional global symmetries, the conformal supergravity theory has minimal and non-minimal versions and it is only the minimal version which contains Einstein supergravity as a truncation.
This raises the important question of what space-time theory our higher-spin twistor description actually corresponds to. At the level of the spectrum we have shown that the number of degrees of freedom matches with the number of on-shell states in the conformal higher spin theory described by Fradkin and Tseytlin [2] . Including the anti-self-dual interactions, a natural candidate is the four-dimensional case of Segal's conformal higher spin theory [4] which describes an infinite number of bosonic symmetric traceless tensor fields. In the unitary subsector we have seen that the spectrum of the linearised theory matches the spectrum of the Fronsdal theory [28] . As Vasiliev's theory [8] also reproduces the Fronsdal spectrum we may optimistically speculate that the full unitary subsector, given by h i andh i , is related to the non-linear massless higher spin theory on anti-de Sitter space, however the absence of any scalar field in the twistor theory means that an exact matching would require some modifications. Nonetheless there are certain similarities, for example the higher-spin symmetry underlying the space-time theories can be understood as acting on jet spaces of fields and the unfolded formulation, see [44] for the CHS case, involves a twistor space formulation with some resemblance to the twistor spaces considered here. Of course to properly compare theories we must understand the structure of the interactions between the infinite tower of fields.
Our proposal (130) for the interaction terms of the anti-self-dual modes leads to an expansion about a given self-dual background which will generate an infinite series of higher point vertices. Such expansions in N = 4 super-Yang-Mills and conformal gravity have led to efficient formalisms for computing observables, see [45, 22, 46] . For example, fixing axial gauge for the the unitary truncation of the conformal gravity twistor action, Adamo and Mason [21] were able to re-sum the resulting Feynman diagrams by using the matrix-tree theorem as in [47, 26] to produce a formula for the de Sitter analogue of MHV amplitudes which reproduced Hodges' remarkable formula [27] in limit of vanishing cosmological constant. The same calculation for the CHS theory, starting with the three-point all spin-s MHV amplitude, may provide insight into the structure of the interactions of the theory.
Finally, while we have focussed on the flat space-time background the twistor space actions are in principle valid for general self-dual space-times. Even at the quadratic level this of interest as the space-time CHS kinetic operators are not known for general backgrounds, though there has been recent progress [48] . In the context of one-loop checks of the correspondence between massless higher spin theories on anti-de Sitter space and vector model CFTs, e.g. [49] , these are important objects as they are needed for computing the canonical partition function on curved boundary manifolds and twistor methods may provide an alternative method of calculation.
A Twistor Space Geometry
Here we will review some background material regarding twistor theory that is necessary for our discussion. We consider space-times corresponding to oriented four-dimensional Riemannian manifolds, which we denote by M, with metric g and possessing a spin structure. 
where we denote four dimensional space-time indices by a, b, . . . = 0, 1, 2, 3. Furthermore ǫ AB can be used to define the inner product
and similarly [πµ] = ǫ A ′ B ′ π A ′ µ B ′ as the inner product on the primed spinor bundle. In twistor theory it is standard to consider complex space-times where the spinorbundles S + and S − are complex and unrelated to one another. This gives rise to new curvatures, in particular to a complex partnerΨ A ′ B ′ C ′ D ′ of the Weyl spinor Ψ ABCD . Significantly, it is possible to have complex space-times for which Ψ ABCD = 0 but Ψ A ′ B ′ C ′ D ′ = 0, that is geometries for which the anti-self-dual curvature vanishes but the self-dual one does not.
To construct the twistor space corresponding to a flat four-complex-dimensional space-time CM 4 we consider the total space of the lower index un-primed spinorbundle with points described by (x AA ′ , σ A ), where x AA ′ are the coordinates of CM 4 , using bi-spinor notation for coordinate indices. The projectivised spin-bundle P(S + * ) is a five-complex-dimensional manifold where σ A are interpreted as homogeneous coordinates on the CP 1 fibres over CM 4 . We can define twistor space by projecting the S + * onto T with coordinates Z α = (λ A , µ A ′ ) by using the incidence relation
Strictly speaking, this does not cover all of T, and we should consider the conformal compactification of CM 4 , which implies a natural action of the conformal group. The conformal group is isomorphic to SU(2, 2), which makes twistor space T ⊂ C 4 the representation space of the complex Weyl spinor representation of su(2, 2). The same projection for the projectivised spin bundle defines projective twistor space PT ∼ = CP 3 which in homogeneous coordinates is Z α ∼ tZ α for t ∈ C\{0}. A curved twistor space T is a complex four-dimensional manifold with an Euler vector field E and a non-vanishing holomorphic three-form Ω satisfying £ E Ω = 4Ω and ι(E)Ω = 0 .
We can choose local homogeneous coordinates, Z α , α = 0, 1, 2, 3, on T such that
PT corresponds to the space of orbits of E in T . Curved projective twistor spaces PT contain a four parameter family of compact holomorphic curves, L x , with the topology of Riemann Spheres each of which has the same normal bundle as a CP 1 in CP 3 . One identifies the points in the curved complex space, x ∈ M, with these curves.
In order to consider real space-times, we must further define a reality structure. If we wish to choose M to be Lorentzian with signature (1, 3) , we restrict to Hermitian x AA ′ , and the primed and un-primed spinor bundles are related by conjugation. However, as this also relates the self-dual part of the Weyl curvature to the antiself dual part the non-linear graviton construction can only be carried out in the conformally flat case. For real manifolds of definite signature -for technical reasons the signature is in fact all negative -there is an anti-linear conjugation on the spinors
such thatα A = −α A andμ A ′ = −µ A ′ . For bi-spinors this conjugation is however involutative, and we define the real manifold to be the set of points satisfyingx AA ′ = x AA ′ . This induces a map on twistor space Z α →Ẑ α that has no fixed points, however the lines in twistor space corresponding to the fixed space-time points are fixed lines. Consider the flat space-time case, M = E; given two points on such a line Z α andẐ α we can define the projection T → E using the formula
In this case the unprimed spinor bundle, which is now an eight-dimensional real manifold, and twistor space T can be identified, and similarly for the projective spinor bundle and projective twistor space. This is true in the general case where the curved twistor space T (M) is identified with the unprimed spinor bundle over M with non-holomorphic coordinates (x AA ′ , σ A ) where σ A is a spinor at x AA ′ ∈ M. There is an almost complex structure on T such that the space of (0, 1)-tangent vectors at (x AA ′ , σ A ) is spanned bŷ
Projective twistor space PT (M) corresponds to the projective unprimed spinor bundle over M where σ A are now the homogeneous coordinates of the CP 1 fibre. The almost complex structure on T (M) reduces to PT (M) as the tangent space of projective twistor space can be found by factoring out the fields E = σ A ∂ A andÊ =σ A∂ A . As shown by Atiyah et al, [50] , the almost complex structure is integrable if and only if M has vanishing anti-self-dual Weyl curvature Ψ ABCD = 0 . This almost complex structure reduces to a complex structure on PT (M) as the vector E is holomorphic.
For a generic self-dual manifold we cannot generally define global twistors. However, we can define at each point x ∈ M a local twistor Z α which for a given metric g is represented by a pair of spinors (λ A , π A ′ ) which transform as
under the Weyl transformation g →g = Ω 2 g with Υ AA ′ = ∇ AA ′ log Ω . We denote the corresponding rank-four local twistor bundle over M by LT. Pulling back a section of LT given by the spinor fields (λ A , π A ′ ), we can define a (1,0)-vector field on T(M) by
One can show, see e.g. [11] , that such vectors are holomorphic if and only if they are parallel under local twistor transport. That is to say when they satisfy the conditions
where Φ ABA ′ B ′ is proportional to the trace-free Ricci tensor and Λ to the Ricci scalar.
In the conformally flat space case these equations have a four-complex-parameter family of solutions given by
for constant µ A ′ 0 and λ A . We can thus identify the solution space of the twistor equation with flat twistor space T ≃ C 4 . Given a holomorphic field, T , of the form (144) on T we can choose linear coordinates Z α such that
with T α being constant.
